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Abstract :

In this paper, we study  especial cases of separation axioms in bitopological

spaces by considering ij-  - open sets , we prove some results about them comparing

with similar cases in topological spaces .

1.Introduction :

The study of bitopological spaces was initiated by Kelly , J . C . [3] . A triple

 21 ,, G is called bitopological space if    21 ,and,  GG are two topological spaces.

open- ( resp . open- ) set in topological space defined by  Njastad , O . (1965)

[6] is as follows  :  A subset A of a topological space  ,G is said to be open-

( resp . open- ) set if    AA intclint ( resp .    AA clintcl ) , and the

family of all open- ( resp . open- ) sets of G is denoted by  GO. ( resp

.  GO. ) .

setopen--ij  in bitopological space defined by Jelic , M . (1990)  [2] ;

Kumar Sampath , S . (1997) [4]  ; Nasef , A . A .and Noiri , T . (1998) [5] is as

follows  : A subset A of a bitopological space  21 ,, G is called open--ij  set if

   AA int-icl-jint-i , and the family of all setsopen--ij  of G is denoted by

 GO.-ij  ,where .1,2j,i;ji 

In this paper we first (in section 2) introduce a comparable studying between

open--ij  sets ,and then (in section 3) we study especial case of separation axioms

in bitopological spaces in the sense of open--ij  sets .
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2. ij -  - Open Sets :

This section deals with the  main definitions ij -  - open and ij-  - closed . It

also presents a general study of the notions ij - - neighborhood and ij -  - closure

as well as some theorems and properties that are included throughout the work .

Definition 2.1 : [2]

A subset A of a bitopological space  21,, G is called --ij  open set if

   AA int-icl-jint-i , and the family of all setsopen--ij  of G is denoted by

 .-ij GO , where 2,1j,i;ji  .

Example 2.2 :

Let  cbaG ,, ,   aG ,,1   ,and     baaG ,,,,2   .

   21 ,and,  GG are two topological spaces , then  21 ,, G is a bitopological

space .The family of all setsopen--21andsetsopen--12  of G are :

        cabaaGGOGO ,,,,,,.-21)(.-12   .

If we put  ,aA  then     aa int-1 ,     ,int-cl- 12 Ga  so

       GGa  int-int-cl-int- 1121  , there fore

   AA int-cl-int- 121  .

    aa int-2 ,        Gaa  cl-int-cl- 121  , so

       GGa  int-int-cl-int- 2212  , there fore

   AA int-cl-int- 212  .

Hence    21 ,,insetopen--21andsetopen--12is  GaA  .

In general in any  bitopological space , and G are clearly setsopen--ij  for

 1,2j,i  .

Remark 2.3 :

In general    GOGO .-21.-12   as in the following example .

Example 2.4 :

Let  cbaG ,, ,   aG ,,1   ,and       cbcbG ,,,,,2   .
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   21 ,and,  GG are two topological spaces , then  21 ,, G is a bitopological

space , it is easy to see that a is a setopen--12  but not setopen--21  .

The following lemma will give an equivalent definition of ij - α - open sets .

Lemma 2.5 :

Asubset Aof a bitopological space  21 ,, G is setopen--ij  iff there

exist iB such that   BAB cl-jint-i .

Proof :

See [1] .

Lemma 2.6 :

       AA cl-jint-icl-jint-icl-jint-i  .

Proof :

See [1] .

Lemma 2.7 :

If -ijisB - open set and   BAB cl-jint-i , then A is also

--ij  open set .

Proof :

See [1] .

Lemma 2.8 :

Every setopen--ijissetopen-i  , but the converse is not true .

Proof :

See [1] .

But the converse is not true as in the following example .

Example 2.9 :

In example (2.2) ,  setopen--12ais, ca but not setopen-1 .

Remark 2.10 :

The intersection of any two setsopen--ij  is not necessary

setopen--ij  as in the following example .
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Example 2.11 :

Let  dcbaG ,,, ,             dcbcbacbdadaG ,,,,,,,,,,,,,1   ,

    dadaG ,,,,,2   .

   21 ,,,  GG are two topological spaces , then  21,, G is a bitopological space .

Hence     setsopen--12 twoare,and, cbca ,

but       setopen--12notis,, ccbca  .

Proposition 2.12 :
The union of any family of setsopen--ij  is setopen--ij  .

Proof :

See [1] .

Definition 2.13 : [4]

Let  21,, G be a bitopological space A subset A of G is called

Gofsetclosed--ij  iff the complement of GA ofsetopen--ijis  ,

and the family of all Gofsetsclosed--ij  is denoted by  GC.-ij  .

Remark 2.14 :
The intersection of any family of setsclosed--ij  is closed--ij 

set . By proposition (2.12) .

Definition 2.15 :

Let  21 ,, G be a bitopological space , and let Gg . A subset GN of is

said to be nhd--ij  of a point g iff there exists a open--ij  set U such that

NUg  . The set of all nhds--ij  of a point g is denoted by  gN--ij  .

Lemma 2.16 :

Let  21 ,, G be a bitopological space and let Gg . Then every

gofnhd-i is gofnhd--ij  .

Proof :

See [1] .
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But the converse is not true as in the following example .

Example 2.17 :

Let  21 ,, G be the same bitopological space of example (2.2) we have

          cabaaGaNaN ,,,,,--21--12   ,

      baGbNbN ,,--21--12   ,

      caGcNcN ,,--21--12   , and

        cabaaGaN ,,,,,-1  ,

   GbN -1 ,

   GcN -1 ;

        cabaaGaN ,,,,,-2  ,

    baGbN ,,-2  ,

   GcN -2 .

Clearly  cN--12  is not equal to  cN-1 .

Proposition 2.18 :

 GOB .-ij  iff nhd--ijanis B of each of its points .

Proof :

See [1] .

Definition 2.19 : [4]

Let  21,, G be a bitopological space and GA , the intersection of all

Acontainingsetsclosed--ij  is called Aofclosure--ij  , and is denoted by

 Acl--ij  ; i.e    GABGBA  ,setclosed--ijis:cl--ij   .

Example 2.20 :
By example (2.2) , the family of all setsclosed--12  and closed--21 

sets of G are :           bccbGGCGC ,,,,,.-21.-12   .

If we take        cbGAAcbA ,cl--21cl--12 then,,    .,cb
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Theorem 2.21 :

Let  21,, G be a bitopological space , and GAlet , then :

(i)   AA containingsetclosed--ijsmallest theiscl--ij  .

(ii)   AAA cl--ijiffsetclosed--ijis  .

Proof :

See [1].

3.Separation Axioms in Bitopological Spaces :

In this section 210 --ij,--ij,--ij TTT  , ij -α - normal , ij - α -

regular , 43 --ijand--ij TT  spaces are introduced , with several properties .

Definition 3.1 :
Let GG Then.spacecalbitopologiabe is called  :

0--iji)( T - space iff for each pair of distinct points in G , there exists an

Ginsetopen--ij  containing one and not the other .

1--ijii)( T - space iff for each pair of distinct points g and h , there exists an

VU andsetsopen--ij  containing g and h respectively such that

VgUh  and .

2--ijiii)( T - space  ( spaceHausdorff--ij  )  iff  for each pair of distinct points

g and h , there exist disjoint andsetsopen--ij BA in G such that

and BhAg  .

regular--ijiv)(  space iff  for each Asetclosed--ij  and for each Ag , there

exist disjoint andsetsopen--ij VU such that Ug VAand .

normal--ijv)(  space iff for each pair of disjoint Asetsclosed--ij  and B ,

there exist disjoint VU andsetsopen--ij  such that UA and VB  .

3--ijvi)( T - space  iff  it is regular--ijand--ij 1  T .

4--ijvii)( T - space iff  it is normal--ijand--ij 1  T .
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Theorem 3.2 :

Every subspace of kT--ij  - space is kT--ij  - space , that is  property is

hereditary , where k = 0,1,2 .

Remark 3.3 :

Every space---ijisspace---ij 01 TT  , but the converse is not true as the

following example .

Example 3.4 :
By example (2.2) , if we take baba ,and , then we can not find

two setsopen--12  ,  such that one of them contains ba notbut and the

other contains ab notbut .There fore   space---12notis,, 121 TG  , but it is clear

that  21 ,, G is space---12 0T .

Proposition 3.5 :

A bitopological space   space---ijis,, 121 TG  iff  a singleton subset

  closed--ijisof Gg .

Proof :

See [1] .

Remark 3.6 :

Every space---ijisspace---ij 12 TT  , but the converse is not true as the

following example .

Example 3.7 :

Let  21  the co-finite topology on an infinite set G . There fore

  space---12notis,, 221 TG  , but it is clear that  21 ,, G is

space---12 1T .

Corollary 3.8 :

Each singleton subset of closed--ijisspace---ij 2  T .
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Proof :

By proposition ( 3.5) and remark ( 3.6) .

Theorem 3.10 :

The property of a space being spaceregular--ij  is hereditary .

Proof :

See [1] .

Theorem 3.11 :

Let  21 ,, G be a bitopological space , then   is,, 21 G regular--ij 

space iff  for each UgU andsetopen--ij  , there exists Vsetopen--ij  such

that   UVVg  cl--ij,  .

Proof :

See [1] .

Theorem 3.12 :
Every subspaceclosed--ij  of spacenormal--ij  is normal--ij 

space .

Proof :

See [1] .

Theorem 3.13 :

The property of a space being space---ij 3T is hereditary .

Proof :

See [1] .

Remark 3.14 :

Every space---ijisspace---ij 23 TT  , but the converse is not true .

Remark 3.15 :

Every space---ijisspace---ij 34 TT  , but the converse is not true .
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Remark 3.16 :

The following diagram shows the relations between ,-i,-i 10 TT 2-i T ,

4321043 --ijand--ij,--ij,--ij,--ij,-i,-i TTTTTTT  spaces :

And no other relations hold between them .
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