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Abstract :
In this paper, we study especial cases of separation axioms in bitopological spaces by
considering #j -semi - & - open sets , we prove some results about them comparing with similar

cases in topological spaces .
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1. Introduction :
The study of bitopological spaces was initiated by Kelly, J .C ., [6] . A triple (X,7,,7,)1s
called bitopological space if (X,7,)and (X,7,)are two topological spaces . In 1991, G . B .

Navalagi [2] introduced the concept of semi- & - open sets in topological spaces . In 1990 ,Jelic ,
M . [4] introduced the concept of ij - & - open setsin bitopological spaces . In 1981 , Bose , S. ,

[1] introduced the notion of ij - semi - open sets in bitopological spaces . In 1992 |, Kar A ., [5]
have introduced the notion of ij - pre - open sets in bitopological spaces .

In this paper , we introduce the concept of ij - semi - & - open sets in a bitopological spaces
and their relationships with #j - semi - open sets, ij - pre - open sets and ij - & - open sets are studied

we study especial cases of separation axioms in bitopological spaces by considering ij- semi -
- open sets .

2. Preliminaries :
Throughout the paper , spaces always mean a bitopological spaces , the closure and the
interior of any subset 4 of X with respect toz,, will be denoted by 7, —cl(4) , and 7, —int(4)

respectively, for i = 1,2

190



AL-Muthanna Journal of Pure Sciences ... Number (1) ... Volume(1) ... September / 2012

Definition 2.1 : [2,9]

Let (X,7) be a topological space, A — X . Then 4 is a said to be semi- & -open set if and
only if there exists an « -open set U in X, such that U < 4 < c/(U). The family of all semi- « -
open sets of X is denoted by S,O(X) .

Definition 2.2 :
Let (X,7,,7,)be a bitopological space , 4 < X , 4 is said to be :
(1) ij -pre-openset [5]if Aci—int(j—cl(A)), where i # j;i, j =1,2,
(i1) ij -semi-openset [1]if 4 < j—cl(i—int(A4)), where i # j;i, j =1,2,
(iii) ij -« -openset [4,7]if Aci—int(j—cl(i—int(A4))), where i # j;i, j =1,2.

Remark 2.3 :
The family of ij - pre - open ( resp. ij -semi-open andij - & - open ) sets of X is denoted by

ij - PO(X) (resp. ij-SO(X) and ij -aO(X)) ,where i # j;i, j=1,2.

Example 2.4 :
Let X ={a,b,c}, 7, ={X,¢p,{a}} , and 7, ={X,0,{b},{c},{b,c}} .
(X,7,)and (X,7,)are two topological spaces , then (X,7,,7,) is a bitopological space .
The family of all 12 -pre-open setsof X is: 12- PO(X) ={X,¢,{a},{b,c}} .
The family of all 12 -semi-open sets of X is: 12-SO(X)={X,¢,{a}} .
The family of all 12 -« -open sets of X is: 12-aO(X) ={X,¢,{a}} .

Definition 2.5 :
The complement of an ij - pre - open ( resp. ij - semi - open and ij - & - open ) set is said to be

ij - pre - closed ( resp. ij - semi - closed and ij - & - closed ) set . The family of ij - pre - closed ( resp.
ij -semi - closed and ij - « - closed ) sets of X is denoted by ij - PC(X) (resp.ij - SC(X)and
ij-aC(X)),where i # j;i,j=12.

Remark 2.6 :
It is clear by definition that in any bitopological space the following hold :

(1) every r, —opensetis ij - pre - open , ij - semi-open, ij - & - open set .
(1) every ij - @ -open set is ij - pre - open , ij - semi - open set .

(iii) the concept of ij - pre - open and ij - semi - open sets are independent .

Proposition 2.7 :
A subset 4 of a bitopological space (X,7,,7,)1s ij - @ - open set if and only if there exists

an 7, —openset U, such that U c A ci—int(j—cl(U)) .

Proof :
This follows directly from the definition (2.2) (iii) . W
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Proposition 2.8 : [8]
A subset 4 of a bitopological space (X,7,,7,)1s ij -semi-open set if and only if there

exists an 7, —openset U, suchthat U c 4c j—cl(U) .

Proposition 2.9 : [3]
A subset 4 of a bitopological space (X,7,,7,)1s ij - pre-open set if and only if there exists

an 7, —openset U, suchthat AcU c j—cl(A4) .

Theorem 2.10 :
A subset 4 of a bitopological space (X,7,,7,)1s an ij -« -open set if and only if 4 is
ij -semi - open set and ij - pre - open set .

Proof :
Follows from definition (2.2) and remark (2.6) . &

3. Semi - - Open Sets in Bitopological Spaces :
In this section the notion of ij - semi - & - open sets is introduced in bitopological spaces and

their relationships with ij - semi - open sets , ij - pre - open sets and ij - & - open sets are studied .

Definition 3.1 :
Let (X,7,,7,) be abitopological space , 4 = X. Then 4 is a said to be ij -semi -« - open set

if there exists an ij-a-openset U in X , such that U c Ac j—cl(U). The family of all
ij -semi - « - open sets of X is denoted by #j-S,A(X), where i # j;i, j=1,2.

Example 3.2 :
Let X ={a,b,c}, 7, ={X,d,{a},{a,b}} ,and 7, ={X,0,{b},{c},{b,c}} .

(X,7,)and (X,7,)are two topological spaces , then (X,7,,7,) is a bitopological space .
The family of all 12 -semi-« -opensetsof X is: 12-S, 0(X) ={X,d,{a},{a,b}} .
The family of all 21-semi-« -opensetsof X is: 21-S,0(X)={X,¢,{b},{c},{b,c}} .

Remark 3.3 :
In general 12-S,0(X) #21-S_,0(X)as in the following example .

Example 3.4 :

In example (3.2) , it is easy to see that {a}is al2 -semi - & - open set but not

21-semi -« - open set .
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The following proposition will give an equivalent definition of ij - semi - & - open sets .

Proposition 3.5 :

Let (X,7,,7,) be abitopological space , 4 — X. Then 4 is an ij - semi - & - open set if and
only if 4c j—cl(i—int(j—cl(i—int(A)))) .

Proof :

Necessity , suppose that 4 is ij -semi - & - open set , then there exists an ij -« -openset U,
suchthat U c A< j—cl(U). Since Uis an ij -« -open set , then U < i—int(j —cl(i —int(V))).
Implies, j—cl(U) < j—cl(i—int(j—cl(i—int(V)))).

Since U < 4, then j—cl(i—int(j—cl(i—int(V)))) < j—cl(i —int(j — c/(i —int( A)))) .
Therefore j—cl(U) < j—cl(i—int(j—cl(i—int(A4)))). But 4 < j—cl(U), which implies

Ac j—cl(i—int(j —cl(i—int(A)))).

Sufficiency , suppose 4 < j—cl(i—int(j —cl(i —int(A)))), to prove 4 is an ij - semi -« - open .
Let V' =i—int(A), we know that i —int(4) < 4, we must show that 4 < j—cl(i —int(A4)).
Since i —int(j —cl(i—int(A))) < j—cl(i—int(A)), then j—cl(i—int(j —cl(i —int( A)))) <
j—cl(j—cl(i—int(A))) = j—cl(i—int(A)). But, A < j—cl(i—int(j —cl(i —int(A))))

( by hypothesis ) implies 4 < j—cl(i —int(A4)). Therefore , there exists an 7, —openset V',
such that ' < 4 < j—cl(V'). On the other hand V'is an ij - & - open set ( since V'is 7, —open),

then A is ij -semi-« -openset. B

Proposition 3.6 :

The union of any family of ij - semi - @ - open sets is ij -semi - & - open set .
Proof :

Let {4, : A € A}be a family of ij - semi - & - open subsets of X .

Then A, < j—cl(i—int(j—cl(i—int(4,)))), for every A€ A . Since | Jint(4,) < int(| J4,)and

AeA AeA

cl(A4,) < cl(| )A,)hold for any topology .
A A

AeA AeA

We have | J4, < Jj—cl(i—int(j - cl(i—int(4,))))

AeA AeA

c j—cl(|Ji—int(j - cl(i —int(4,))))

AeA
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c j—cl(i—int(| Jj-cl(i—int(4,))))

AeA

c j—cl(i—int(j —cl(| Ji—int(4,))))

AeA

c j—cl(i—int(j—cli—int(| J4,))).

AeA

Hence UA/1 1S ij -semi-a -open set. W
AeA

Remark 3.7 :

The intersection of any two ij - semi - & - open sets is not necessary ij - semi- « - open set as

in the following example .

Example 3.8 :

Let X ={a,b,c}, 7, ={X,¢,{a},{b},{a,b}},and 7, ={X,¢,{a}} . The family of all
12-semi-«a-opensets of X 1s: 12-5,0(X) ={X,¢,{a},{b},{a,b},{a,c},{b,c}} .
Hence {a,c}and {b,c} are two 12 -semi -« - open sets, but {a,c}({b,c} = {c}is not

12 -semi - & - open set .

Remark 3.9 :

(1) Every 7, —open setis ij - semi- & - open set ,but the converse need not be true .
(i1) If every 7, —opensetis 7, —closed and every nowhere 7, —denseset is 7, —closed in any

bitopological space , then every #j -semi -« - open set 1s an 7, —open set .

Remark 3.10 :

(1) Everyij - o - open set is ij - semi - & - open set , but the converse is not true in general .
(i1) If every 7, —opensetis 7, —closed set in any bitopological space , then every

ij -semi- -open set is an ij - & - open set .

Remark 3.11 :

The concepts of ij -semi -« -open andjj - pre - open sets are independent , as the following

example .
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Example 3.12 :

In example (2.4) , {b,c}1s al2-pre-open set but not 12 - semi - & - open set .

Remark 3.13 :

(1) It is clear that every ij-semi-open and ij - pre - open subsets of any bitopological space is

ij -semi- & - open set ( by theorem (2.10) and remark (3.10) (1) ) .

(i1) An jj-semi-«-open set in any bitopological space (X,7,,7,)is ij-pre-open setif every

7, —open subset of X'is 7, —closed set ( from remark (3.10) (i1) and remark (2.6) (ii1) ) .

Remark 3.14 :

The following diagram shows the relations among the different types of weakly open sets
that were studied in this section :

Ij - pre - open

A

ij - semi - open +

7, —open | #-a-open

A A

A

every nowhere 7, - dense

<

setis 7, - closed )

4@7

every 7, -open set is 7, - closed

+

ij -semi - & - open

Definition 3.15 :
The complement of ij - semi - & - open set is called #j -semi - & - closed set . Then family of

all 7j -semi - o - closed sets of X is denoted by ij-S,C(X), where i # j;i, j =1,2.
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Remark 3.16 :
The intersection of any family of ij - semi - & - closed sets is ij - semi - & - closed set .

Definition 3.17 :
Let (X,7,,7,)be a bitopological space and 4 c X ,the intersection of all ij - semi - « - closed

sets containing A is called ij - semi - & - closure of 4 , and is denoted by ij-S, -cl(A4) ;
i.e ij-S, -cl(A)={B< X : Bisij-semi « -closedet, 4 = X}.
When confusion is possible as to what space the ij - semi -« - closure is be taken in , we shall

write ij-S, -cl,(A) .

Example 3.18 :
In example (3.8) , then family of all 12 -semi - & - closed sets of X is :

12-5,0X) ={X,¢,{b,c} {a,c} {c} b} {a) |
If we take A ={b,c}, then 12-S_ -cl(A)=12-S, -cl({b,c})=XN{b,c} ={b,c}.

Theorem 3.19 :
Let (X,7,,7,)be abitopological space , and let 4 — X ,then:

(1) ij-S, -cl(A) is the smallest ij -semi - « - closed set containing 4 .
(i1) 4 is ij -semi - & - closed set if and only if ij-S, -c{A)=A4 .
Proof :

(1) This follows directly from the definition (3.17) .
(i1) If 4 is ij -semi - « - closed set , then A4 is it self is the smallest ij - semi - & - closed set

containing 4 and hence ij-S, -cl(A)=A4 .
Conversely , if ij-S, -cA)=A. By (i), ij-S, -cl(A) is ij -semi - & - closed and so A4 is also

ij -semi-q -closed set. W

Remark 3.20 :
Let (X,7,,7,)be abitopological space , and let 4 ,B be any subsets of X, then :

(i) Acij-S, -cl(4) .

(i) If Ac B, then ij-S, -clA) <ij-S, -cl(B).

(iii) ij-S, -cli@j-S, -cl(A)=ij- S, -cl(A4) .

Proof :

(i) By theorem (3.19) part (i) , we obtain Acij-S, -cl(A) .

(ii) By a part (i) above , B<ij-S, -cl(B), since A< B, then Acij-S,-clB)but ij-S, -cl(B)is
an ij -semi - « - closed set ,thus j-S, -cl(B)is ij -semi - « - closed set containing 4 .

Since ij-S,, -cl(A) is the smallest ij - semi - & - closed set containing 4 , hence

i]._Sa _CZ(A) gi]._Sa _CZ(B)
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(ii1) ij-S, -cl(A)is ij -semi- « - closed set ,we have by theorem (3.19) part (ii) ,
ij-S, -cllij-S, ~clA)=ij-S, -ci(A) .

Definition 3.21 :
Let (X,7,,7,)be a bitopological space , and let ¥ be a subset of X .
The relative bitopological space for Y is denoted by (Y,7,,,7,,), such that :
7y ={ANY:4dez},and r,, = {BNY : B e r, }are two topologies for Y, called the relative
topologies for Y . Then (Y,7,,,7,,)1s called a subspace of bitopological space (X,7,,7,) ,

the relative bitopological space for ¥ with respect to ij - semi- & - open sets is the collection

ij-S,00X), given by : ij-S,0(X), ={ANY : Aeij-S,0X)} .

Remark 3.22 :
In general ij-S,0(X), #ij-S,0(Y), where i # j;i, j=1,2.

Remark 3.23 :

Let (Y,7,,,7,,) be a subspace of a bitopological space (X,7,,7,). Then:
(1) a subset 4 of Y is ij -semi -« - closed in Y iff there exists ij - semi - & - closed F' in X such that
A=FNY.
(ii) forevery AcY, ij-S, -cl,(A)=ij-S, -cl,(AHNY .
Proof :
(i) A is ij -semi-a -closed in Y iff Y — A= B(1Y for some ij - semi - & - open subset B of X iff
A=Y—-(BNY)=(Y -B)U(Y -Y) [De —Morgan law | iff A=Y —-B iff A=Y (X —B) iff
A=Y F (where F =X —Bis ij -semi-a -closed in X, since B is ij -semi -« -openin X) .
(ii) By definition (3.17) ,ij - S, -cl, (A) =({K : K isij -semi-« -closedin Y and 4 < K}
=({FNY:Fisij-semi-a-closedin X and A< F(Y} [ by (i) above]
=({FNY:Fisij-semi-a-closedin X and 4 c F}
=[N{F:Fisij-semi-a-closedin X and Ac F} |NY =ij-S,-cl,(A)NY. ™

Remark 3.24 :
Let (Y,7,,,7,,) be a subspace of a bitopological space (X,7,,7,).
If a subset 4 of Y is jj -semi-a -open ( ij -semi-« -closed ) in X, then 4 also
ij -semi-a -open ( ij -semi-« -closed )in Y.
Proof :
Since A=Y, wehave 4= A(Y so that 4 is the intersection of Y with a set
ij -semi-a -open ( ij -semi -« -closed ) in X, namely 4 . Hence by the definition (3.21) and

remark (3.23) (i), 4 is ij -semi-a -open ( ij-semi-a -closed )inY. W
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4. Separation Axioms in Bitopological Spaces :
In this section ij-semi-a -7, ,ij-semi-a-T,, ij-semi-a-T,, ij -semi-a -regular ,
ij -semi - -normal ,ij-semi-«a - T, and ij -semi-« - T, spaces are introduced , with several

properties .

Definition 4.1 :
Let (X,7,,7,)be a bitopological space . Then Xis called :

(1) ij -semi-« - T, - space iff for each pair of distinct points in X, there exists an

ij -semi - & - open set in X containing one and not the other .

(i1) ij -semi - & - T, - space iff for each pair of distinct points x and y in X, there exists an

ij -semi -« -open sets G and H containing x and y respectively such that y ¢ Gand x ¢ H .
(ii1) ij -semi-« - T, - space (ij - semi - ¢ - Hausdorft space ) iff for each pair of distinct points x
and y , there exist disjoint ij - semi- & -open sets G and H in X such that xe Gand ye H .

(iv) ij -semi- « -regular space iff for each ij - semi- « - closed set 4 and for each x ¢ 4, there
exist disjoint ij - semi-« - open sets G and H such that xe Gand A c H .

(v) ij -semi - & - normal space iff for each pair of disjoint ij - semi - & - closed sets 4 and B, there
exist disjoint ij - semi - & - open sets G and H such that Ac Gand B H .

(vi) ij -semi-a -T; - space iff itis ij-semi-a -7, and ij - semi -« -regular .

(vil) ij-semi-a - T, - space iff itisij-semi-« -7, and ij - semi- & -normal .

Theorem 4.2 :
A bitopological space (X,7,,7,)1sij-semi-« - T, - space iff for each distinct points x , y in

X, -8, -cl{xp)#ij-S, -cl({}) -
Proof :
Let x,y € X, such that x # yand let ij-S, -cl({})#ij-S, -cl({y}).

Then there exists at least one point z in X, such that z €ij-S, -cl({x})but zij-S, -cl({y}) .
Suppose z€ij-S, -cl({x}). To show that x gij-S, -cl({)}). If xeij-S,-cl({y}) , then

04 S-S, ~cl(P3) . 50 i, (o) Sij-S, -cllij- S, -l )=ij- S, ¢l {}), hence
zeij-S, -cl({x}), then zeij-S, -cl({y}) which is contradiction . Hence x gij-S, -cl({y}),
consequently xe X —(ij-S, -cl({y})) but ij-S, -cl({y}) is ij -semi -« - closed,

so X—(@j-S, -cl({y}))1s ij - semi - & - open which containing x but not y . It follows that
(X,7,,7,) 18 ij -semi-a - T - space .

Conversely, since (X,7,,7,)1sij -semi-a - T, - space , then for each two distinct points x,y € X,
there exists #j -semi-a -open set G suchthat xe G, yg G. X —G is ij -semi - & - closed set
which does not contain x but contains y . By definition (3.17), /-5, -c/({y}) is the intersection
of all #j - semi - & - closed sets which containing {y}. Thus, ij-S, -cl({y})c X -G,
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then x ¢ X —G . This implies that x ¢ij- S, -cl({y}), so we have xeij-S, -cl({x}),
xeij-S, -cl({y}). There fore ij-S, -cl( {x})#ij-S, -cl({y}).

Theorem 4.3 :
Every subspace of ij -semi-« -7, - space is ij -semi- o - T}, - space .
Proof :
Let (Y,7,,,7,,) be a subspace of a bitopological space (X,7,,7,)and let X is
ij -semi-a -7, - space .To prove that Y'is ij-semi-a -T, - space , let y, #y, €Y .Since Y c X,
then y, # y, € X and Xis ij -semi-« - T, - space . There exists ij -semi-a -openset Gin X,
such that y, e Gand y, ¢ G. So G(1Yis ij-semi-« -opensetin Yand y, e GNY, y, €GNY .

Hence (Y,7,,,7,,)1s ij-semi-a-T - spacc . W

Remark 4.4 :
Every ij-semi-a -T,- space is ij -semi-« - T, - space , but the converse is not true .

Proof :
This follows directly from the definition (4.1) (i), (ii) . ®

But the converse is not true as the following example .

Example 4.5 :

Let X ={a,b,c}, 7, ={X,@,{a}}, and 7, ={X,¢,{a},{a,b}}, the family of all
12-semi-a-opensetsof X is: 12-S O(X) ={X,¢,{a},{a,b},{a,c}} If wetakeaand b ,a# b,
then we can not find two 12 -semi - « - open sets , such that one of them contains a but not » and
the other contains b but not a . Therefore (X,7,,7,)is not 12-semi-« -7, - space , but it is clear

that (X,7,,7,)1s 12-semi-« - T, - space .

Theorem 4.6 :
Every subspace of ij -semi-« - T, - space is ij -semi-« - T, - space .

Proof :

Let (Y,7,,,7,,) be a subspace of a bitopological space (X,7r,,7,)and let (X,7,,7,)1s
ij -semi-qa -7, - space .To prove that Y'is ij -semi-« -T,- space, let y, #y, €Y .Since Y € X,
then y, # y, € X and since X is ij -semi-« -7, - space . Then there exist two ij - semi - & - open
sets G, Hin X, such that y, e G,but y, ¢ G; and y, € H ,but y, ¢ H .Then we obtain two sets
G,=GNY,H,=H(\Yare ij-semi-« -opensets in Y, we have y, € G,,but y, ¢ G,; and
v, €H, but y, ¢ H . Hence (Y,7,,,7,,)1s ij-semi-a-T,- space . B

199



AL-Muthanna Journal of Pure Sciences ... Number (1) ... Volume(1) ... September / 2012

Proposition 4.7 :

A bitopological space (X,7,,7,)1s ij -semi- e« - T, - space iff every singleton subset {x} of
Xis ij-semi-a -closed .
Proof :

Suppose X is ij -semi-a - T, - space , and x be any point of X' . Let y € X —{x}, then x# y

and so there exists #j - semi - & - open set U containing y but not containing x ,and
ij -semi - & - open set V' containing x but not containing y, y e U < X —{x} . Hence X —{x}is
ij -semi - & - open set , then {x}is ij - semi - « - closed set .
Conversely , let x,y € X, such that x # y. Since {x}is ij -semi -« -closed set, then X —{x}is
ij - semi - & - open set containing y but not containing x . Similarly , X —{y}isij - semi - « - open

set containing x but not containing y . Hence (X,7,,7,)1s ij-semi-« -7, - space . B

Theorem 4.8 :

A bitopological space (X,7,,7,)1s ij-semi-« -T,- space iff ij-S, -cl({a})=¢, for each
aeX.
Proof :

Let (X,7,,7,)be ij-semi-« -7, - space . Suppose ij-S, -cl({a})#¢ for some ae X,
then there exists a point b , such that beij-S, -cl({a}), a #b. Since X is ij -semi-a - T, - space ,
then there exists ij - semi -« -openset G such that a ¢ G,be G, thus G {a}=¢.
Hence ,b¢ij-S, -cl({a}), which is contradiction . Thus ij-S, -cl({a})=¢ .
Conversely , suppose that ij-S, -cl({a})=¢, for each a € X , and let x,y € X, such that x # y.
Then x¢ij-S, -cl{y}), and there exists ij - semi - & - open set G such that x e G,GN{y}=¢.
Hence G contains x but not y .Similarly, there exists ij - semi - & - open set H contains y but not x .

Thus (X,7,,7,)1s ij-semi-a -T,- space . B

Remark 4.9 :
Every ij -semi-a - T, - space is ij - semi - « - T, - space , but the converse is not true .

Proof :
This follows directly from the definition (4.1) (ii) , (iii) . W

But the converse is not true as the following example .

Example 4.10 :
Let X be an infinite set and 7, = 7, be the co-finite topology on X . Then (X,7,,7,)1s

12-semi-a -7, - space , but itis 12 -semi-« -7, - space .

Theorem 4.11 :
Every subspace of ij - semi-«a - T, - space is ij -semi- « - T, - space .
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Proof :

Let(X,7,,7,)be ij -semi-«a -T,- space ,and let ¥ # ¢ be a subsetof X,and x# y Y,
then x,y € X, since (X,7,,7,)1s ij -semi-a - T, - space , there exist two #j - semi - & - open sets
G,Hsuchthat xeGand ye H, G(N\H =¢.So G(Y,H(Y are ij - semi - & - open sets in ¥
and xeGY, ye HNY ;and (GNY)N(HNY)=(GNH)NY =4¢.

Hence (Y,7,,,7,,)1s ij-semi-a -T, - space . B

Proposition 4.12 :
Each singleton subset of ij - semi - « - T, - space is ij -semi-« -closed .

Proof :
By proposition (4.7) and remark (4.9) . ®

Theorem 4.13 :
The property of a space being ij - semi - & - regular space is hereditary .
Proof :
Let (X,7,,7,)be ij -semi-« -regular space, let (Y,7,,,7,,) be a subspace of X. To prove

(Y,7,y,7,y)1s ij -semi -« -regular space let yeY, Ube ij-semi-a -closed setin Y, such that
yeU then ij-S, -cl,(U)=ij-S, -cl,(U)Y, and since U is ij -semi -« -closed setin Y.

So ij-S, -cl,(U)=U . Then U=ij-S,-cl,(U)Y, since y¢U , then y¢ij-S, -cl (U)Y,
veij-S, -cl,(U) , thus ij-S, -cl,(U)is ij -semi-a -closed set in X ; and since (X,7,,7,)is

ij -semi - « -regular space , then there exist two disjoint ij - semi - & - opensets G, H in X, such
that ye G, ij-S, -cl,(UycH, ye GNYand ij-S,-cl, (U)NY < H(Y, since G, H are

ij -semi - - open sets in X, then G(\Y ,H (1Y are ij -semi-« -opensetsin Y.

Since GNH =¢,then (GNY)NHNY)=(GNH)NY =¢NY=¢ .

Hence (Y,7,,,7,,)1s ij -semi-« - regular space. ®

Proposition 4.14 :

Let(X,z,,7,)be a bitopological space , then (X,7,,7,)1s ij -semi-« -regular space iff for
each ij -semi- « - openset U and x e U, there exists ij - semi- « - openset V' such that x eV,
ij-S,-clV)ycU.

Proof :

Let (X,z,,7,)be ij -semi-« -regular space, let x e U where is ij - semi - & - open set .
Let A=X—-U ,then 4 is ij-semi-a-closed ,x ¢ A .Then there exists #j - semi - & - open sets
Wand Vsuchthat: xeV, AcW,VOAW=¢ .
Then Ve X -W, ij-S,-clV)<ij-S, -cd X —W)=X—-W ..o, (1)
AcW  then X—-WccX—-A=U,then X —W CU .....ccooiiiiiiiiiiiiiiiiiiin.. 2)
From (1) and (2) we have : x eV, ij-S, -clV)cU.
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Conversely , let 4 be is ij-semi-a -closed and x ¢ 4. Let U =X — A4, then Uis
ij -semi-« -openand x €U . By hypothesis , there exists ij - semi-« -open V'such that x eV,
ij-S,-clVYycU, Ac(X—-(@j-S,-cl(V))) ,since xeV, VOI(X=(@-S, -cl(V))=¢ .

Hence (X,7,,7,)1s ij -semi -« - regular space . W

Theorem 4.15 :
Every ij -semi-« - closed subspace of ij -semi - & - normal space is ij - semi - & - normal

space .
Proof :

Let (X,7,,7,)be ij -semi -« - normal space and (Y,7,,,7,, ) be any subspace of X .
We have to show that (Y,7,,,7,,) is also #j - semi - @ - normal space . Let L',M " be disjoint
ij -semi -« -closed subsets of ¥ . Then there exist ij - semi-« -closed subsets L , M of X,
suchthat L' =LY and M =M (Y . Since Yis ij -semi- - closed , it follows that L', M "are
disjoint ij -semi -« -closed subsets of X . Then by ij - semi - & - normality of X, there exists
ij -semi-qa -opensets 4, Bin X , such that L' cA,M < B and ANB=¢. Since L' cY and
M’ Y, these relations imply : L' c ANY, M < BNY, (ANY)N(BNY)=¢ .
Setting AY =4" and BNY =B", we see that 4", B are ij - semi - « - open sets of ¥ such that :
L'cA,M cBand 4B =¢. Accordingly (Y,7,,,7,,) is ij - semi - & - normal space . B

Theorem 4.16 :
The property of a space being ij - semi- « - T, - space is hereditary .
Proof :
Let X be ij-semi-a -T;- space and ¥ be a subspace of X. Now X is ij -semi - & - regular
space as well as #j -semi -« - 7, - space and we have shown that both these properties are
hereditary . It follows that Y is #j -semi - & - regular space as well as ij - semi - « - T, - space and

hence it is ij -semi- o - T - space . B

Remark 4.17 :
Every ij-semi-a -T,- space is ij -semi-« - T, - space .

Proof :
This follows directly from the definition (4.1) (iii) , (vi). ®

Remark 4.18 :
Every ij-semi-a -T, - space is ij - semi - « - T - space .
Proof :
Let (X,7,,7,)be ij-semi-a-T,- space, then (X,7,,7,)1s ij -semi-« - normal as well as
ij -semi-« -7, - space . To prove that the space is ij - semi - & - T} - space , it suffices to show that

the space is ij - semi - @ -regular . Let ' be jj -semi - « - closed subset of X and , let x be a point
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of X'such that x ¢ F'. Since (X,7,,7,)1s ij-semi-a -T,- space . Thus {x} is ij - semi -« - closed
subset of X, such that {x} F' = ¢ ,then by jj - semi - & - normality ,there exist ij - semi - & - open

sets G, Hsuch that xe G,F < Hand G(\H =¢. It follows that the space (X,7,,7,)is
ij -semi - o - regular space . W

Remark 4.19 :

The following diagram shows the relations between ij -semi-«a -7 ,ij -semi-« -7,

jj-semi-a-T,,ij-semi-« -1, and ij - semi- « - T, spaces :

ij -semi - @ - normal

(+)
N

ij -semi - « - regular

(+)
N

\ 4

ij-semi-a-T, ij-semi-a-T,

\ 4

ij-semi-a-T,

\ 4

\ 4

ij-semi-a-T,

\ 4

ij-semi-a-T,

And no other relations hold between them .

Definition 4.20 :
Let (X,7,,7,) be a bitopological space . Then X is called :
(1) ij-a-T, (resp.ij -pre-T,) - space iff for each pair of distinct points in X, there exists an
ij - -open (resp. ij - pre - open)set in X containing one and not the other .
(i1) ij - - T, (resp. ij - pre-T,) - space iff for each pair of distinct points x and y , there exist an

ij -a -open (resp. ij - pre-open)sets G and H containing x and y respectively such that y ¢ G
and xe¢ H .
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(iii) ij - - T, (resp. ij -pre-T,) - space (ij - & - Hausdorff (resp. ij - pre - Hausdorff ) space) iff
for each pair of distinct points x and y , there exist disjoint #j - & - open (resp. ij - pre - open) sets
G and Hin Xsuch that xe Gand ye H .

(iv) ij - - regular (resp. ij - pre - regular)space iff for each ij -« - closed (resp. ij - pre - closed)
set A and for each x ¢ 4, there exist disjoint ij - & - open (resp. ij - pre - open)sets G and H such
that xeGand AC H.

(V) ij - @ -normal (resp. ij - pre - normal) space iff for each pair of disjoint ij - « - closed

(resp. ij - pre - closed)sets 4 and B , there exist disjointij - & - open (resp. ij - pre - open)sets G
and H suchthat Ac Gand BC H .

(vi) ij-a-T, (resp. ij -pre-T;) - space iff itis ij-a -7, (resp. ij -pre-T,) - space and

ij - - regular (resp. ij - pre - regular) space .

(vil) ij-a -T, (resp. ij -pre-T,)- space iff itisij-a -7, (resp. ij -pre-T,) - space and

ij - & -normal (resp. ij - pre - normal) space .

Remark 4.21 :

Every i-T, -space is ij-pre-T, -space , ij-a-T, -space , ij -semi-« - T, - space ,where
k=0,1,2,3,4.
Proof :

Follows from remark (2.6) (i) and remark (3.9) (i) . =

Remark 4.22 :
Every ij-a-T, -space is ij -semi -« - T, - space, where k= 0,1,2,3,4 .

Proof :
Follows from remark (3.10) (i) . m

Remark 4.23 :
If every 7, —opensetis 7, —closed set in any bitopological space , then every

ij -semi-«a - T, -space is ij-a-T, -space , where k= 0,1,2,3,4 .

Proof :
Follows from remark (3.10) (i) . ®

Remark 4.24 :
If every 7, —opensetis 7, —closedand every nowhere 7, —densesetis 7, —closedin any

bitopological space , then every ij -semi-« - T, -spaceis i-T, -space , where k=0,1,2,3,4 .

Proof :

Follows from remark (3.9) (ii) . ®
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Remark 4.25 :

The following diagram shows the relations between i-T7, , ij-pre-T, , ij-a-T, and

ij -semi-« - T, spaces , where k= 0,1,2,3,4 :

ij -pre-T, -space

every ij - pre - open set is ij - semi - open +

A

i-T, -space

J| 7-a-T, -space

A A

every nowhere 7, - dense

setis 7, - closed Y

4®7

every 7, -open set is 7, - closed

+

ij -semi-« -7, -space

A
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