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Abstract :
The objective of this research is to study some properties of ij -semi -« - T " spaces in
2

bitopological spaces and their relationship with ij - semi- & - T}, - spaces and ij - semi- & - T, - spaces .
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1. Introduction :

In 1963 Kelly [2] defined : a set equipped with two topologies is called a bitopological space ,
denoted by (X,7,,7,) where (X,7,)and(X,7,) are two topological spaces . This notion was studied

in different senses , one of these is the ij - semi - « - open sets ,that suggested by Qays , 2012 [4] .
In 1997 , Kumar Sampath , S ., [3] introduced the concept of ij - & - open sets in bitopological spaces .

In 1981 , Bose , S., [1] introduced the notion of #j - semi - open sets in bitopological spaces . In this
paper we first (in section 2) ij - semi - « - open sets , and then (in section 3) we study especial case of
ij-semi -a -T 1 - space in bitopological spaces in the sense of ij - semi - « - open sets .

2

2. Preliminaries :

Throughout the paper , spaces always mean a bitopological spaces , the closure and the interior
of any subset 4 of X with respect toz,, will be denoted by 7, —c/(4) , and 7, —int(4) respectively, for

i=1,2
Definition 2.1 : [4]

Let (X,7,,7,) be a bitopological space , 4 — X . Then A4 is a said to be jj - semi -« - open set if
there exists an ij-a-opensetU in X , such that Uc Ac j-c/(U). The family of all
ij -semi -« -open sets of X is denoted by ij-S O(X), where i # j;i, j=1,2.

The following proposition will give an equivalent definition of ij - semi -« - open sets .

Proposition 2.2 : [4]
Let (X,7,,7,) be abitopological space , 4 = X. Then 4 is an jj - semi -« -open set if and only if

Ac j—cl(i—int( j—cl(i—int( 4)))) .
Remark 2.3 : [4]

The intersection of any two ij -semi -« -open sets is not necessary ij - semi -« - open Set as in
the following example .
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Example 2.4 :
Let X ={a,b,c}, 7, ={X,@,{a},{b},{a,b}}, and 7, ={X,@,{a}} . The family of all

12 -semi -« -open sets of X 1s: 12-S_O(X) ={X,¢,{a},{b},{a,b},{a,c},{b,c}} .
Hence {a,c}and {b,c} are two 12 -semi - « - open sets , but {a,c} ) {b,c} = {c}is not
12 -semi -« - open set .

Proposition 2.5 : [4]
The union of any family of ij - semi - & - open sets is ij - semi - & - open set .

Remark 2.6 : [4]

(1) Every 7, — open set is ij - semi - « - open set ,but the converse need not be true .
(i1) If every 7, —open set is 7, —closed and every nowhere 7, — dense set is 7, —closed in any
bitopological space , then every ij -semi - « - open setis an 7, —open set .

Definition 2.7 :
A set A4 is said to be an jj - semi - « - neighborhood of a point x if there exists an

ij -semi-a -open set U suchthat xeUc 4 .

Definition 2.8 : [4]
The complement of ij - semi - & - open set is called ij - semi -« - closed set . Then family of all

ij -semi -« -closed sets of X'is denoted by ij-S C(X), where i # j;i, j=1,2.
Remark 2.9 : [4]
The intersection of any family of jj - semi -« - closed sets is jj - semi -« - closed set .
Definition 2.10 : [4]
Let (X,7,,7,)be a bitopological space and 4 c X ,the intersection of alljj - semi - « - closed

sets containing A is called ij - semi - @ - closure of 4, and is denoted by ij-S_ -cl(4) ;
iej-S,-cd(A)=N{Bc X :Bisij-semi -« -closed set , 4 c X}.
Theorem 2.11 : [4]
Let (X,7,,7,)be a bitopological space , and let 4 c X , then:
(1) ij-S, -cl(A) is the smallest jj - semi -« -closed set containing 4 .
(i1) A is ij -semi -« -closed setifand only if ij-S_ -cl(A)=4 .
Remark 2.12 : [4]
Let (X,7,,7,)be a bitopological space , and let 4 ,B be any subsets of X, then :
(1) Acij-S, -cl(A) .
(i) If 4 c B ,then jj-S, -cl(A)cij-S, -cl(B).
(1) -8, -cl(ij-S, -cl(A)=ij-S, -cl(A) .
Lemma 2.13 :
If ij-S, -cl({x})N A=@, for each x€ij-S,, -cl(A), then (ij-S, -clA))— A does not contain a
non empty ij -semi - « - closed set.
Proof :
Suppose (i7-S,, -cl(A))— A contains a non emptyij - semi -« - closed set, say B, then x € B
implies i-S, -cl{x})cB< (i-S, -clA)—A , and ij- S, -cl( {c})( N A=¢, which contradicts the
hypothesis . m
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Definition 2.14 :
A subset 4 of a bitopological space (X,7,,7,)1s said to be ij - semi - & - generalized closed set

(briefly ij -semi - & - g - closed set ) if ij-.S, -clA)cU whenever Ac U and U is ij - semi -« - open set
in (X,7,,7,).

Lemma 2.15:
A subset 4 of a bitopological space (X,7,,7,)1s ij -semi -« - g - closed set if and only if

ij-S, -cl({})NA#=¢ for each xe€ij-S, -cl(A).
Proof :

Suppose that 4 is ij - semi - & - g - closed set, and for some xeij-S, -cl(A4),
ij-S, -cl{)NA=¢ , then ACX—(j-S, -cl({c})), where X —(ij-S, -cl{xc}))is a
ij -semi -« -open set, so by definition (2.14) ij- S, -clA) =X —(j- S, -cl({x})), hence
xeX—-@G-S,-cl({x}))ie xg X—(j-S, -cl({x})) which is a contradiction .
Conversely assume that for each xeij-S, -cl(A), ij-S, -cl( {})NA=¢ ; if there is a
ij -semi - a - open set U such that 4 c Ubut ij-S, -clA)zU then there exists xe€ij-S, -cl(A) and
xeU,so xe X —U which implies ij-S, -cl({x})c X —-U (since X —Us ij -semi -« - closed )
i.e ij-S, -cl({x})A=¢, a contradiction . Therefore A is ij -semi -« - g - closed set . ®

3. Semi - @ - T, - space in Bitopological Spaces :
In this section the notion of #j-semi-a - T Yy space is introduced in bitopological spaces and
2

their relationships with ij -semi- « - T}, - space and ij - semi - « - 7, - space are studied .
Definition 3.1 :

Let (X,7,,7,)be a bitopological space ;two subsets 4 and B of X areij - semi - « - separated if
each is disjoint from the other‘s ij - semi - & - closure . (i.e A(ij-S, -cAB)=¢ and
ij-S,-cA)NB=¢ ). Two points x and y in X are ij - semi - & - distinguishable if they do not have
exactly the same jj - semi - & - neighborhoods ( i.e there exists a ij - semi - & - open set containing x but
not containing y or containing y but not containing x ) . Two points x and y are ij - semi - & - separated if
the singletons {x}and {y}are ij - semi - & - separated .

Definition 3.2 :

A bitopological space (X,7,,7,) is called ij -semi-« - T}, - space if any two distinct points are
ij - semi - « - distinguishable .
Remark 3.3 :

Every i-T -space is ij -semi-«a - T, - space.
Proof :
Follows from remark (2.6) (i) . ®
Remark 3.4 :
The converse of remark (3.3) is not true ,see the following example .
Example 3.5 :
Let X ={a,b,c,d}, 7, ={X,9,{a},{a,d},{b,c},{a,b,c}}, 7, ={X,P,{a}}.
Then 12-S,0(X) =7, U{{a,b},{a,b,d},{a,c},{a,c,d} } and it is clear that (X,7,,7,)1is

12-semi- - T, - space but (X, 7,)is not1-7; - space since the points b and ¢ are not distinguishable .
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Theorem 3.6 :

A bitopological space (X,7,,7,)isij -semi-a - T} - space iff for each distinct points x, y in X,
ij-S, -cl(6)#ij-S, - 0}

Proof :
Suppose that (X,7,,7,)isij-semi-a - T - space and let x # y be two points of X such that

ij-S, -cl({c})=ij-S, -cl({y}), therefore xeij-S, -cl({y}) and yeij-S, -cl({}). If Uis

ij -semi - - open set such that xeUand y ¢ U, theny € X —U (i§j -semi - « - closed set) so

ij-S, -cl({y})c X —-U which means ij-S, -cl({x})cX—-U andso xe X -U ie x¢U a
contradiction . Similarly the assumption that x ¢ V and y € V' ( for some ij - semi - & - open set V')
leads to a contradiction , that is (X,7,,7,)1s not an ij -semi- - T, - space .

On the other hand, suppose that for each x,y € X and x# y we have ij-S, -cl( &})#ij-S, -c({}),
therefore either x ¢ij-S, -cl({y}) and so xe X—(j-S, -cl({y}))but ye X —(j-S, -cl({})),or
yeij-S, -cl({x}) and so ye X —(ij-S, -cl({x}))but xg X —(@j-S, -cl({x}))

where X —(ij- S, -cl({x})) and X —(ij-S, -cl({y}))are ij -semi - @ - open sets in (X,7,,7,)1.e x and y

are jj - semi - ¢ - distinguishable , hence (X,7,,7,)1s ij-semi-a -7, - space . &
Theorem 3.7 :
Every subspace of ij -semi- « - T} - space is ij -semi-a - T}, - space .
Proof :
Let (Y,7,,,7,,)be a subspace of a bitopological space (X,7,,7,)and let X'is ij -semi-« -7, - space .
To prove that Y'is ij-semi-a -T, - space , let y, # y, €Y. Since ¥ < X, then y, # y, € X and X is
ij -semi-« - T, - space . There exists ij - semi - -open set G in X, such that y, e Gand y, ¢ G. So

G(1Yis ij-semi-a-opensetin Yand y, e GNY, y, e GNY .
Hence (Y,7,,,7,,)1s ij-semi-a-T; - space .

Definition 3.8 :
A bitopological space (X,7,,7,)is said to be ij -semi- -7 1 - space ifevery ij-semi-«a - g-
2
closed set in (X,7,,7,)1s ij -semi -« - closed .
Theorem 3.9 :
A bitopological space (X,7,,7,)is ij-semi-a - T, y- space if and only if , for each x € X,
2

{x}1s ij -semi - a - closed Or jj -semi -« - open .
Proof :

Assume that (X,7,,7,)is ij-semi-a - T, y" space and {x}is neither jj - semi - « - closed nor

2
ij -semi - & - open then X — {x}is not ij - semi -« - closed so ij-S, -cl X —{x})=XcX
i.e X —{x}is ij -semi - & - g - closed set , by definition of ij - semi- & - " space , X — {x} must
2

be ij -semi -« - closed , a contradiction with the assumption .
On the other hand, suppose that for each x in(X,7,,7,),{x} 1S ij -semi -« - closed or jj -semi - & - open .
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Let 4 be ij -semi - « - g - closed set in(X,7,,7,), then by lemma (2.13) and lemma (2.15)
(@@7-S,, -cl(A))— A does not contain a non empty ij -semi - « - closed set, soif xe(ij-S, -cl(4))—A
then ij-S, -cl({x}) (@ -S, -cl(A)—A i.e ij-S, -cl({x})# {x} which means {x}is not
ij -semi -« -closed , so it must be jj -semi - @ -open , but {x} () 4 =¢ implies x&ij-S, -cl(A),
a contradiction , hence (ij-S, -cl(A))—A=¢. Therefore A is ij -semi -« - closed , and so (X,7,,7,)is
z'j-semi—a-T%- space . m
Theorem 3.10 :
If (X,7,,7,)is ij -semi- & - " space then it is ij -semi-« - T, - space .

Proof :
Suppose (X,7,,7,)isij-semi-a -7 " space by theorem (3.9) every singleton is either
2
ij -semi - a - closed Or jj-semi -« -open . Let x# y(in X)) , if {x}is ij - semi - & - closed then X — {x}is
ij -semi - - open set containing y but not containing x ; and if {x} ij - semi - & - open then it is
containing x but not containing y . So (X,7,,7,)isij-semi-a -1 - space . W

Remark 3.11 :
The converse of theorem (3.10) is not true , see the following example .

Example 3.12 :
Let X ={a,b,c}, 7, ={X,9,{a},{a,b}}, 7, = D ( the discrete topology on X') then

12-§,0(X) =1, and (X,7,,7,)is al2-semi- a - T}, - space but not 12—semi—a—Ty - space
2

(since {b} is neither 12 - semi- & - closednor12 - semi - & - open ) .

Theorem 3.13 :
Every i-T,, -spaceis ij -semi-« -T,, - space .
b P

Proof :
It follows the fact that 7, —ij-S,0(X)and theorem (3.9) . m

Remark 3.14 :
The converse of theorem (3.13) is not true , see the following example .

Example 3.15 :
Let X ={a,b,c}, 7, ={X,¢,{a},{a,b}}, v, = I ( the indiscrete topology on X ) then

12-S,0(X) =17, U{{a,c}}and (X,z,)is not l—Ty -spacebut (X,7,,7,)1s 12—semi—a—Ty- space .
2 2

Definition 3.16 :
A bitopological space (X,z,,7,)1s said to be ij -semi- « - T, - space if any two distinct points in
X are ij - semi - « - separated .

Proposition 3.17 :

A bitopological space (X,7,,7,)1s ij -semi- - T, - space iff every singleton subset {x} of X is
ij -semi - & - closed .
Proof :

Suppose (X,7,,7,)isij -semi-a -T,- space , and x € X, if yeij-S, -cl({x}) but x # ythen

167



Journal of Karbala University , Vol.11 No.1 Scientific . 2013

ij-S, -cl({})<ij- S, -cl $xc}). On the other hand by definition (3.16) we have {y}ij- S, -cl( {})=¢
which is a contradiction ,so ij-S, -cl({x} )={x} i.e {x} is ij - semi - & - closed set .

Conversely if for each x, {x} is ij -semi - & - closed then ij-S,, -cl({x} )={x} and any two distinct
points of X are ij - semi - « - separated i.e (X,7,,7,)1sij-semi-a -T;- space . W

Remark 3.18 :
Every i-T, -space 1s ij -semi-« - T, - space.
Proof :
It follows from the fact that in i - 7] - space every singleton is an i -closed set in (X, 7,)also any

i-closed setin(X,z,)is ij -semi - & - closed setin (X,7,,7,). B

Remark 3.19 :
The converse of remark (3.18) is not true , see the following example .

Example 3.20 :

Let X ={a,b,c,d}, 7, ={X,¢,{a},{d},{a,d},{b,c},{a,b,c},{b,c,d}}, and
7, ={X,9,{a},{d},{a,d}} then12-S O(X) =17, U{{a,b}.{a,c},{b,d},{c,d}, {a,c,d},{a,b,d}}. So
(X,7,,7,)is 12-semi-a - T, - space since all singletons are 12 -semi- « - closed sets but (X,7,) is not
a 1-T7, -space since {b}and{c} are not 1-closed sets .

Theorem 3.21 :

Every subspace of ij -semi-« - T, - space is ij -semi-« - T, - space .
Proof :

Let (Y,7,,,7,,) be a subspace of a bitopological space (X,7,,7,)and let (X,7,,7,)1s
ij -semi-« -7, - space .To prove that Y'is ij-semi-« -7, - space, let y, # y, €Y. Since ¥ < X, then
v, # ), € X and since X is ij -semi-« - T, - space . Then there exist two ij -semi - & - open sets G , H in
X, suchthat y, e G.,but y, ¢G;and y, € H ,but y, ¢ H .Then we obtain two sets
G, =GNY,H, =H(\Yare ij-semi-«-open setsin ¥, we have y, € G,,but y, ¢ G,;and y, € H,,but
v, ¢ H,. Hence (Y,7,,,7,,)1s ij-semi-a -T,- space . B

Remark 3.22 :
Every ij -semi-« - T, - space is ij -semi-a - T}, - space , but the converse is not true .

Proof :
This follows directly from the definitions (3.2) and (3.16) . B

But the converse is not true as the following example .
Example 3.23 :
Let X ={a,b,c}, 7, ={X,¢,{a}}.and 7, ={X,¢,{a},{a,b}}, the family of all
12 -semi - & - open sets of X is: 12-§, ,O(X) ={X,¢,{a},{a,b},{a,c}} .If we take a and b, a # b, then we
can not find two 12 - semi - & - open sets , such that one of them contains @ but not » and the other contains b

but not a . Therefore (X,7,,7,)is not 12-semi-« -7 - space , but it is clear that (X,7,,7,)1is

ij -semi-a - T} - space .

Theorem 3.24 :
If (X,7,,7,)1s ij -semi-«a - T, - space then it is ij - semi- & —Ty - space .
2
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Proof :
It follows from theorem (3.9) and proposition (3.17) . =

Remark 3.25 :
The converse of theorem (3.24) is not true , see the following example .

Example 3.26 :
Let X ={a,b}, 7, ={X,¢,{a}}, v, = D ( the discrete topology on X') , then 12-S O(X) =1,

and (X,7,,7,)is 12-semi- - Ty - space (since {a}is 12 -semi - & - open and

2
{b}is12-semi-« -closed) , but not 12 -semi - & - 7, - space since {a}is not 12-semi-« -closed .
Remark 3.27 :

The following diagram shows the relations between i-7, and ij -semi-« - T} spaces , where

k=0,%,1:
1 Tl / l'T% o / l-TO
A A Ar
\\ \\ \\
A 4 Y \ 4
B : —7 B . «—7 Ny .
j-semi-a-1, [ 7/ j-semi-a-T,[" 7 ij-semi-a-T,
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