
 

International Mathematical Forum, Vol. 7, 2012, no. 45, 2211 - 2217 
 
 
 

On ((H – R))  Fractional Calculus   
 
 

 Hussein Jaber Abdul Hussein 
 

Department of Mathematics and Computer applications 
 College of Sciences  

University of Al-Muthanna 
Hussein_almaaly77@yahoo.com 

  
 

Rafid Habib Buti  
 

Department of Mathematics and Computer applications 
 College of Sciences  

University of Al-Muthanna 
Rafidhb@yahoo.com  

       
 

Abstract 
    

     In the present paper , we have studied a class of univalent functions by 

applying a (( H – R )) fractional calculus , we obtain distortion theorem , 

wighted mean , arithmetic mean and some results . 
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1. Introduction 
  
Let R denote the class of functions of the form :  
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 which are analytic and univalent in the unit disk  
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If  ∈f R is given by (1) and ∈g R given by  
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then the Hadamard product (or convolution) )( gf ∗  of f  and g  is defined by 
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Lemma 1: [ 1 ] 
The Rafid - Operator of ∈f R for 10 <≤ μ  , 10 ≤≤θ  is denoted by θ

μR  and 
defined as following :                     
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Lemma 2 :[ 3 ] 
 Let 0≥α  , 10 <≤ β  and IR∈γ . Then βα +−> 1Re ww if and only if 

,))1(Re( βαα γγ >−+ ii eew  where w  be any complex number.  
 
Lemma 3 :[ 3 ] 
With the same condition as in Lemma 2 , α>wRe  if and only if                                                  

.)1()1( αα −+<+− ww  
 
Definition 1 : [1] 
A function Rf ∈  , Uz∈   is said to be in the class ),,,,( θμαβλWR  if and only 
if satisfies the inequality:  
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where 10 <≤α , 10,,0,10 <≤∈≥≤≤ μβλ Uz , 10 ≤≤ θ  and  ∈g R given  
by (2). 
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Theorem 1: [1]   
The function f  defined by (1) is in the class ),,,,( θμαβλWR  if and only if 
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where     10 <≤α , 10,10,0 <≤≤≤≥ μλβ and .10 ≤≤ θ  
 
 
Lemma 4:  

If kww +−≥ 1Re γ  ,  where 10 <≤ k  , 0≥γ  . Then 
1+

+
≥
γ
γ kw  . 

Proof : Let kww +−≥ 1Re γ  , since ww Re≥  , we get  

                     kww +−≥ 1γ  , or equivalent  

kw +≥+ γγ )1(  , then   
1+

+
≥
γ
γ kw  . 

Definition 2 : [ 4 ] 
      Let )(zf  and )(zg  belong to R  . Then the weighted mean )(zhj of )(zf  and 

)(zg  is given by 
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Definition 3 : [ 6 ] 
     The arithmetic mean of jf  ),...,2,1( qj =  is defined by  
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In the next theorems we will show the weighted mean and arithmetic mean in 
the class  ),,,,( θμαβλWR . 
 
Theorem 2 : 
      If  )(zf  and )(zg  are in the class ),,,,( θμαβλWR . Then the weighted 
mean defined by Definition 2 is in the class  ),,,,( θμαβλWR  , where   
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Proof : By Definition 2 ,we  obtain  

                 ⎥
⎦

⎤
⎢
⎣

⎡
−++−−= ∑∑

∞

=

∞

=

))(1())(1(
2
1)(

22

n
n

n

n
n

n
j zdzjzczjzh                            

                        [ ] n
nn

n
zdjcjz )1()1(

2
1

2
++−−= ∑

∞

=
 .  

We must show that  ),,,,()( θμαβλWRzhj ∈ , so by Lemma 2 ,we get  
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The proof is complete . 
 
Theorem 3 : Let )(zf j  defined by  
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be in the class ),,,,( θμαβλWR  . Then the arithmetic defined by Definition 3 in 
the class ),,,,( θμαβλWR  . 
Proof : From (8) and (9) , we can write  
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Since  ),,,,()( θμαβλWRzf j ∈ for every ),...,2,1( qj = , so by using Theorem 1, 
we get  
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The proof is complete . 
 
Theorem 4 :  
Let )(zf  defined by (1) be in the class ),,,,( θμαβλWR  . Then 
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Proof : Since  ),,,,()( θμαβλWRzf ∈  , then by using Lemma 4 , we obtain  
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The proof is complete . 
 
 
 2.Application of a New Fractional Calculus  
 
      The fractional calculus connected with positive and negative coefficients. 

Such type of study was carried out by various mathematicians , like Aouf et. al.  

[2], Reddy and Padmanabhan [8], Atshan et. al.[6], Atshan and Kulkarni [4], 

who obtained several growth and distortion  properties of functions in the class 

operators of fractional integral and fractional derivative. 

     Now , we introduce a new fractional calculus defined by (( H – R )) fractional 
calculus  , ((fractional derivative and fractional integral)) of order   δ  . 
 
Definition 4 : 
The fractional integral of order δ  ,...)1,0( =δ is defined by  
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where )(zf  is analytic function in simply connected region of −z plan 
containing the origin and the multiplicity of  12)( +− δuz  is removed by required  

)log( uz −  to be real when 0)( >− uz  . 
 
Definition 5 : 
The fractional derivative of order δ  ,...)3,2( =δ is defined by  
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where )(zf  is as Definition 4 and the multiplicity of  2)( −− δuz  is removed like 
Definition 4 .  
From Definitions 4  and  5  applying a simple calculation, we get  
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In the next , we obtain distortion theorems for the class ),,,,( θμαβλWR . 
 
Theorem 5: Let )(zf  defined by (1) be in the class ),,,,( θμαβλWR . Then  
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So by using (17) and (18), we have  
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Theorem 6 : Let )(zf  defined by (1) be in the class ),,,,( θμαβλWR . Then  
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The proof  of theorem is similar to proof  of theorem 5 . 
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