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Abstract

In the present paper , we have studied a class of univalent functions by
applying a (( H— R)) fractional calculus , we obtain distortion theorem,

wighted mean , arithmetic mean and some results .
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1. Introduction

Let R denote the class of functions of the form :
f(z)=2->a,2",(a, 20,ne IN ={1,23..}) (1)
n=2

which are analytic and univalent in the unit disk
U={zeC:|7<1}.
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If feRisgivenby (1)and g R given by

9(z)=z->b,z",b, >0, (2)
n=2
then the Hadamard product (or convolution) (f *g) of f and g is defined by

(1.9)D)=2- 2 ab,2" (9.1)(2) ©

Lemmal:[1]
The Rafid - Operator of f eR for 0< <1 ,0<6<1 is denoted by Rz and

defined as following :
t

0 _ 1 [ o 7(@]
R#(f(z))_(l_#)wr(eJrl) ! t7%e 7 f (zt)dt

=z—iK(n,u,0)anz“, 4

n=2

n-1
where K(n,,0) = (A=) T(O+n)
re+1)
Lemma2:[3]
Let x>0, 0< B <land yIR. Then Rew > ajw—1|+ g if and only if

Re(W(l+ae"”)—ce') > B, where w be any complex number.

Lemma3:[3]
With the same condition as in Lemma 2, Rew > « if and only if

wW—(1+a) <w+(1-a)|

Definition 1 : [1]
A function f eR , zeU issaid to be in the class WR(4, S, &, 1,0) if and only
if satisfies the inequality:

>

e { z(R2((£.9)())) + Az (R2((£.9)(2)))" }
(1- AR ((£.9)(2)) + Az(R’ ((f.9)(2)))’

| 2(RI((£.9)(@)) +42° (RI((£.9)(2)))’ _4” )

(L HRJ(£.9)(2)) + A2(RE((1.9)(2)) ’

B

where 0<a <1, 0<1<1,4>0,zeU,0<u<1,0<6<1and ge Rgiven
by (2).
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Theorem 1: [1]
The function f defined by (1) is in the class WR(A4, £, a, 1, 6) if and only if

> (A-2+n)nA+B) - (B+e)K(n u,0)ab, <1-a, (6)
n=2
where 0<a<1,>200<1<10<u<land 0<@H<1.

Lemma 4:

If Rew> yjw—1+k , where 0<k <1, y>0 .Then |vv|27/+k

y+1 '

Proof : Let Rew > y|w—1/+k , since |w > Rew , we get
|W| 2 7|W—11 +k , or equivalent

7 +k
y+1 '

|W|(1+ y)>y+k ,then |W| >

Definition 2 : [4]
Let f(z) and g(z) belongtoR . Then the weighted mean h; (z) of f(z) and
g(z) is given by

1 . .
h@)=la-DT@++ De@)]. (7)
Definition 3:[6]
The arithmetic mean of f; (j=12....,q) is defined by

q

w(2) :éz f.(2) . ®)

j=1
In the next theorems we will show the weighted mean and arithmetic mean in
the class WR(A, 8,a, 1,0) .

Theorem 2 :
If f(z) and g(z) are in the class WR(4, £, &, 11,6) . Then the weighted

mean defined by Definition 2 is in the class WR(A, S, a, 11,6) , where
f(z):z—i c,z", g(z)=z—i d.z".
Proof : By Definition 2n:,f/ve obtain "~
hj(z)=%{(1— j)(z—an; ¢,2")+ L+ j)(z—r:Z2 dnz”)}

0

=2-3 Jla- e, + Dl

n=2
We must show that h;(z) eWR(4, B,«, 11,0) , so by Lemma 2 ,we get
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o0

> @-A+nA)n@+ B) - (B+a)K(n, 1,0) %((1— e, + 1+ j)dn)}bn

n

. (- 2smalnte £~ 5+ a)K(0m0) 30 D)o

+3, @-2enalne B 5+ K 0,00) 30+ ) job,

n=2
<fe-p+a+plt-a)=1-a .
The proof is complete .

Theorem 3 : Let f,(z) defined by

fi(z)=2-) a,;z" (a,;20,j=12,..,0) (9)
n=2

be in the class WR(A, B, a, u,8) . Then the arithmetic defined by Definition 3 in
the class WR(A4, 8, «, 11,0) .
Proof : From (8) and (9) , we can write

1 -
wiz)==> (z-) a,;z"
q j=1 n=2
q

1

=1-3 (Y a7
-1 0>

Since f;(z) eWR(4, B,a, u,0) for every (j=1.2,...,q), so by using Theorem 1,

we get

> a-2+n)na+ ) - (ﬂm)K(nﬂe){ > s, }
=%Zq: [i (- 2+n2)n@+ B) - (B+a)K(n,1.0)a, }
Sézq: l-a)=01-a) .

The proof is complete .

Theorem 4 :
Let f(z) defined by (1) be in the class WR(A, £, a, 11,6) . Then

| 2(RI((£.9)(2))' + 42° (R ((£.9)(2)))"

|, fpra (10)
p+1
Proof : Since f(z) eWR(A, S, a, 11,6) , then by using Lemma 4 , we obtain
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2ZRI(F9)@) + 2Z*RU(LO@)' | p+a
(- DRI((£.9)() + 2Z(RI((1.0)(2))| B+1
The proof is complete .

2.Application of a New Fractional Calculus

The fractional calculus connected with positive and negative coefficients.
Such type of study was carried out by various mathematicians , like Aouf et. al.
[2], Reddy and Padmanabhan [8], Atshan et. al.[6], Atshan and Kulkarni [4],
who obtained several growth and distortion properties of functions in the class
operators of fractional integral and fractional derivative.

Now , we introduce a new fractional calculus defined by (( H— R)) fractional
calculus , ((fractional derivative and fractional integral)) of order & .

Definition 4 :
The fractional integral of order 6 (0 =0,1,...) is defined by
) 1 y )
“Df (z)=—————| (z-w)**"f(u)du , 11
D)=y ] @O (11)

where f(z) is analytic function in simply connected region of z — plan

containing the origin and the multiplicity of (z—u)** is removed by required
log(z —u) to be real when (z—u)>0 .

Definition 5 :
The fractional derivative of order & (6 =2,3,...)is defined by
1 ;
°Df () = z—u)’?f(u)du , 12
/Df (2) F@_Dg( )% £ (u) (12)

where f(z) is as Definition 4 and the multiplicity of (z—u)’ 2 is removed like

Definition 4 .
From Definitions 4 and 5 applying a simple calculation, we get

G(z) =272 (2 + 2(5 +1)) °Df (2)

_Z_i nN(2+2(6 +1)) a 7"
T & T(n+1+2(6+)) "

(13)

And
F(z) =2"°T(5)°Df (2)
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_, % niT(5) n
! HZ:;‘ 1“(n+5—1)a”Z ' (4

In the next , we obtain distortion theorems for the class WR(A, S, a, 1,6) .

Theorem 5: Let f(z) defined by (1) be in the class WR(A, £, «, 11,6) . Then

l-« 2

G(z)| <|z|+ 7| (15)
2+o)1+ D)2+ f—a](l- )0 +1)b,
and
1-—
G(2)| 22| - = 2 (16)
2+9) A+ A)[2+ - ea]ldl— w)(@+Db,
Proof : By using Theorem 1, we get have
i a, < 1-a . (17)
= 1+ D2+ f - ald- 1)@ +1)b,
By Definition 4 , we have
© |
G(2) =z _z nT(2+2(0 +1)) az"
= T'(n+1+2(5+1))
= z—i ®(n,d)a,z" , (18)
n=2
where o(n, 5) = nr(2+2(0 +1)) _
'(n+1+2(0+1))
We that ®(n, o) is a decreasing function of n and 0 < ®(n, ) < D(2,0) = ﬁ
+

So by using (17) and (18), we have

G(2)| <+ Lo
C+o)1+ D)2+ p—all- )0 +1)b,

which gives (15), we also have

C(2)|2[2-

[

l-«o
2+o)1+))[2+ p—-all—u)(@+1)b,

|2

|z
which gives (16) .

Theorem 6 : Let f(z) defined by (1) be in the class WR(A, S,a, u,0) . Then
2(l-«a)
oL+ A2+ p-a]l—w)(@+1)b,
B 2(l-a) |Z|2
oL+ A2+ —-al(l—- w)(@+1)b,
The proof of theorem is similar to proof of theorem5 .

IF(z)| <[]+ and

|2

|z

F@)2le
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