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Abstract
In this paper , we study a subclass of functions which are univalent and
analytic functions in the unit disk U . We obtain coefficient estimates , distortion
bounds and some results.
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1. Introduction

Let Q denote the class of the functions defined by

f()=2-3 a2 D)
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Which are univalent and analytic in the unit disk U ={z e C:|7| <1} . We
defined a subclass K of Q consisting of functions defined by

f(z):z—i a,z". (a,=0) (2)
A function f(z) belorn1_g to the class H(«, 3,0, 1) if satisfies
Re{ 2(G(f.9)(2)' +22°(G(F.9)@)" }>

(1-2)G(1.9)(2)) + 4z(G(f.9)(2))

p { 2(G(£.9)() + 22*(G(£.9)(2))" _1}% -

(1-A)G(£.9)(2)) + 42(G(1.9)(2))’
where 0<6<1,0<1<1,4>0,zeU,0<a <1, and

g(Z):Z—Z bnzn , (anO) (4)
n=2
The Hadamard product or (convolution) defined by next definition .
Definition 1 :

If f(z) defined by (2) and g(z) defined by (4) . Then the Hadamard product or
(convolution) defined by the form :

(Lo)D)=2-3 abz", (a,b,20) (5)

n=2
and zeU.

Definition 2 : [3]
Fractional derivative of order « of analytic function f(z) is defined by
prf@=—t 9 O g 0<a<y (6)
l-a)dzy (z-t)°
where f (z) is an analytic function in a simply — connected region of the z — plane
containing the origin, and the multiplicity of (z—-t)™ is removed by requiring
log(z —t) to be real , when (z —t) is greater than zero . Clearly
f(z)= Iirrg D; f(z)
and f'(z)= Iin} D; f(z).

Definition 3: [6]
Fractional integral of order « of analytic function f(z) is defined by
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D,“f(2)= I (z fit))l a ’ (7

where f (z) is an analytic function in a simply — connected region of the z — plane
containing the origin, and the multiplicity of (z—t)*™ is removed by requiring
log(z —t) to bereal , when (z-t)>0 .

Definition 4: [6]
[Under the condition of Definition 3] the fractional derivative of order n+ «
(n=0.1.2,...) is defined by

n

D" f(2) = DI F(2), ®)

For the analytic function f(z) =z —Z a,z" in U we put

Mf(z)=F(2+a)z‘“DZ‘“f:(z)
_,_y NML@2+a) o
=z HZ; F(n+1+a)a”2 , a>0 . (9)
And
Gf(z2) =T'(2-a)z"D; f (2)
= nNlh(2-a) n
Z Tl a)az , O<a<l . (10)
Then, from (10) we ge
G(fo)2)=2-3 ¥(na)abz", (12)
3 n!F(é—a)
where Y(n,a)= —F(n 1o a) (12)
Lemma 2: [1]

Let w=u+iv . Then Rew> o if and only if
w-(1+0)|<|w+(1-0)

Lemma 3: [1]
Let w=u+iv and o,y are real numbers. Then

Rew> olw-1+ if and only if Re{w(1+ oe'’) —ae‘“’} > 7.

Some another class studied by W. G. Atshan and S. R. Kulkarni [2] ,S.Ponnusamy
[4]H. M. Srivastava [5].
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2. Coefficient Estimates

In the next theorem we get the sufficient condition for the function f(z) in
the class H(a, 5,6,4) .

Theorem 1:
The function f (z) defined by (2) is 'in the class H(«, 3,6, 4) if and only if

S (@-A+n)n+ B) - (B+O)¥(n a)ab, <1-6, (13)

where 0<f<1,0<1<1,3>00<a<1,

Proof:
By Definition 3 , we get

Re{ 2(G(f.9)(2)' +42°(G(£.9)(@))" }2
(- 2)G(1.9)(2)) + 2(G(f.9)(@))

ﬂ{ 2(G(f.9)()) + 42° (G(£.9)())" _1}+ )
1-A)G(1.9)(2)) + 42(G(£.9)(2)) ’
Then by Lemma 2 , we have
Re{ 2(G(£0)(2)) + 72 (G(LO)D)"_
1-A(G(£.9)(2) + 2z(G(f.9)(2))
—T<y<rw
or equivalently
Re{(Z(G(f*g)(Z))’+ﬂZZ(G(f*g)(Z))"(1+ pe")
1-A)(G(.9)(2)) + 2z(G(£.9)(2))

£e') —ﬁe‘y} >0,

_ A= DG (Le)@) + 22 G tg)(z»']} - w
(L- 2)(G(£.9)(2)) + 22(G(£.9)(2))
Let  AZ) =|(2(G(£.9)@) + 222 (G(£.9)(2))" L+ fe)] (L+ fe”)
- |- A)(G(£.9)(2)) + 22(G(£.9)(2)) |
and  B(z) =[(1- 2)(G(f.9)(2)) + 12(G(f.0)(2))'}
By Lemma 1, (14) is equivalent to
|A(z) + (1-6)B(2)| 2 |A(z) -1+ 6)B(z)] for 0<O<1

But |A(z) + (1-6)B(2)

{z -~ i‘l’(n, a)ab,z" —ﬂi n(n-1)¥(n, a)anbnz”}(u £e”)
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—,Be‘{(l—/l)(z - i‘l’(n,a)anbnz”) + Az —ﬂi nw(n, a)anbnz”}

n=2 n=2

(- 6?)[2 “S-a+ n/l)‘{'(n,a)anbnz”}

= ‘(2 —0)z- i[(n +n(n-1))+(1-0)1-2+n)] ¥(n,a)a b, z"
- ﬂe‘yi[n +An(n-1)— (1-A+nA)|¥(n,a)ab,z"

n=2

> (2-0)[z|- i[(n +An(n-1))+ (L-O)(L— A+ An)] ¥(n,a)a,b,|z|"

_ﬁi [n+an(n-2)-1+ 4] ¥(n,a)a,b,|z"

n=2

Also |A(z) - (1+6)B(2)|=

{Z - in‘l’(n, a)ab z"
_ ,Be‘{z _a-)Y ¥ @b -1 an(n,a)anbnzn}

-+ 0){2 - i(l—;t + n;t)‘P(n,a)anbnz”}

n=2

= ‘—Hz —i[(n +An(n-1)) - A+ 60)1-2+nA)| ¥(n,a)ab,z"

0

— 7> [n+ni(n-1) - (1-A+nA)] ¥(n a)a,b,z"

n=2

<02+ 3 [(n+na(n-1) - A+ @)1- A+ n2)] ¥(n,a)a b, 2

+ A3 [n+ni(n-1)-@-2+n)] ¥(n,a)ab, [z

n=2

and so |A(z) + (1-a)B(z)|-|A(z) - 1+ @) B(2)| > 21— 6)|z|

-3 [2n+2n4(n-1)) - 200~ A+ nA) - B(@n+ 2nA(n 1) -

n=2
—2(1-A+n2)] ¥ (n,@)a,b,|7" =0
or
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o0

> [n@+ p)+ni(n-1)1+ B) - (1-2+n2)(0+ )] ¥(n,a)a,b, <1-a.
Thni_s is equivalent to

S -4+ nA)fn+ B)— (B+6)] ¥(na)ab, <1-6.

n=2
Conversely , suppose that (2.1) holds. Then we must show

re {(z(e(f*g)(z))'+zzz(G(f*g)(z»"(lwe”)
1-D(G(1.9)@) + 2(G(1.9) @)

1-A(G(1.9)(2)) + 22(G(f.9)(2))
Upon choosing the values of z on the positive real axis where
0<z=r<1,the above inequality reduces to

O+ - D(G(1.9)() + 42* (G tg)(z»']} -

(1-6) —i[n(l+ B Y= A+ n) - (O+ fe)1— A+ n2) B (n,a)a,b,r™*
Re n=2

>0.
1-> (- 2+n)¥(n,a)ab,r™*

n=2
Since Re(— e‘7)2 —‘e‘y‘ = -1, the above inequality reduces to

1-6) —i[n(1+ BYA-A+n)—(0+ B)1-A+nA)]¥(n,a)a b r"
Re n=2

> 0.
1-) @A-A+n)¥(n a)ab,r™
n=2
Letting r — 1 , we get desired conclusion .
Corollary 1:
Let f(z)eH(a,p.6,4). Then a, < 1-0

A-A2+nA)(nA+ B)—(B+a)¥(n,a)b, ’
3. Distortion Theorem

In the next theorem , we obtain the distortion theorem for
f(z) eH(a, S,6,1).

Theorem 2:
If f(z)eH(a,p,0,1). Then
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1-6)@-a)

) 1-6)3-a)
7|~ 2| —
2+ )20+ B) - (B +6)b, ]

2L+ A)[2(L+ B) — (B +O)b, ]

<|f(2)| <7+ |z|2

Proof :
since | (2)| <[z +[2*S a,,
n=2

from (13) , we get

: 1-0)3-a)
2 o DR p) (B0, (15)
hence
| (2) <2 +]2 (1-0)3-a)

2L+ 22+ B) - (B+6)b, ]
Similarity , we get
1-9)B-a)

[t @2 [2]-[ -
20+ A2+ B - (B +0)b,]
In the next theorem , we shall prove that the class H(«, 8,6, 4) is closed under

arithmetic mean and convex linear combinations .
Now , we defined the function f, (z) by the form

f()=2-> a,z", (a, 20,nelN) (16)
n=2

Theorem 3:
Let the function f, (z)defined by (16) be in the class H(«, 5,6, 1) for

(k =1,2,...,m),. Then the function
d(z)=z-) c,z", (c,20,neIN) (17)
n=2

Also in the class H(a, 8,0,4) ,where c, =iz a, -
- ,

k=1

Proof :
Let the function f,(z) € H(e, S,0, 1), then from theorem 1, we get

S (- A+nA)n+ B) - (B+O)¥(n a)a, b, <1-6 .

Hence

i(l— A+n)[n(+ B) - (B+60)¥(n,a)c,b,
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n=2 k=1

i(l—mnz)[n(1+ﬁ)—(ﬂ+9)]\P(n,a)b{% y an,k}sl—e .

Hence ®(z) e H(«a, 5,0, 1) .

Theorem 4:
The class H(«, 3,6, 4) is closed under linear combinations .

Proof :
Let the function f, (z) (k =1,2) defined by (16) be in the class H(«, 5,60, 1)

. Now we show that the next function E(z) = /f,(z) +(1—-7¢)f,(z) , (0</<1) is
also in the class H(«, 2,6, 1) . Since f,(z) e H(e, ,6, 1) then from (13) , we
get

S (-2 +n)n(+ B) - (B+0)[¥(na)a, b, <1-0.
And so_fz(z) e H(a, f,6, 1) then from (13) we get
S (-2 + )+ B) - (B+O)¥(n.a)a, b, <1-6 .

n=2

Then
E(z)=z- i [Eany1 +(@- E)anvz]z” :

n=2
Therefore by Theorem 1, we get

S (-2 +n2)[n(+ B) - (B+O) ¥ (na)b,[ta,, + Q- Na,,]<1-6.

n=2

Hence by Theorem 1, we have E(z) e H(«, 5,6, 1).

Theorem 5: Let the function f,(z) defined by (16) be in the class
H(e, B, 6., 4) where (0<6, <1, 200<a<10<4<1n22). Foreach
(k =1,2,...,m) , then the function

S(2) = z—%i {i an]k}z”

n=2 =
is also in the class H(«, £,0, 1) , where
A=min{B}, Q:Qm{ﬁk}and A =min{4, }

1<k<m 1<k<m
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Proof : Let the functions f,(z) € H(e, £,,6,,4,), then from Theorem 1 we get

3 -4, + 4N+ B) - (B, + )] (n@)a, b, <1-4,

f:;znce
S -4, 402+ B) - (4, +9k)]‘P(n,a)b{%i an,k}s%i 1-6,)
<1-6.

Therefore S(z) e H(a, 8,60,1) .
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